Comparison between MGDA and PAES for Multi-Objective Optimization by Zerbinati, Adrien et al.
HAL Id: inria-00605423
https://hal.inria.fr/inria-00605423
Submitted on 1 Jul 2011
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Comparison between MGDA and PAES for
Multi-Objective Optimization
Adrien Zerbinati, Jean-Antoine Desideri, Régis Duvigneau
To cite this version:
Adrien Zerbinati, Jean-Antoine Desideri, Régis Duvigneau. Comparison between MGDA and PAES
for Multi-Objective Optimization. [Research Report] RR-7667, INRIA. 2011, pp.15. ￿inria-00605423￿
appor t  

































INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Comparison between MGDA and PAES for
Multi-Objective Optimization




Centre de recherche INRIA Sophia Antipolis – Méditerranée
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ▼●❉❆ ❛♥❞ P❆❊❙ ❢♦r ▼✉❧t✐✲❖❜❥❡❝t✐✈❡
❖♣t✐♠✐③❛t✐♦♥
❆❞r✐❡♥ ❩❡r❜✐♥❛t✐ ✱ ❏❡❛♥✲❆♥t♦✐♥❡ ❉és✐❞ér✐✱ ❘é❣✐s ❉✉✈✐❣♥❡❛✉
❚❤❡♠❡ ✿
➱q✉✐♣❡s✲Pr♦❥❡ts ❖♣❛❧❡
❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✻✻✼ ✖ ❏✉✐♥ ✷✵✶✶ ✖ ✶✷ ♣❛❣❡s
❆❜str❛❝t✿ ■♥ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ P❛r❡t♦ s❡t ♣r♦✈✐❞❡s ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛✲
t✐♦♥ ♦♥ t❤❡ r❡❛❝❤❛❜❧❡ ♦♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❆ ♥✉♠❜❡r ♦❢ ❡✈♦❧✉t✐♦♥❛r② str❛t❡❣✐❡s ✭P❆❊❙ ❬✹❪✱ ◆❙●❆✲■■
❬✶❪✱ ❡t❝✮✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ♣r♦✈❡❞ t♦ ❜❡ s✉❝❝❡ss❢✉❧ t♦ ✐❞❡♥t✐❢② t❤❡ P❛r❡t♦ s❡t✳
❍♦✇❡✈❡r✱ t❤❡s❡ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❛❧❣♦r✐t❤♠s ❛r❡ ✈❡r② ❞❡♠❛♥❞✐♥❣ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❚♦❞❛②✱ ✐♥
♠❛♥② ❛r❡❛s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ s❝✐❡♥❝❡s✱ ❝♦❞❡s ❛r❡ ❞❡✈❡❧♦♣❡❞ t❤❛t ✐♥❝❧✉❞❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✱
❝❛✉t✐♦✉s❧② ✈❛❧✐❞❛t❡❞ ❛♥❞ ❝❛❧✐❜r❛t❡❞✳ ❚❤✉s✱ ❛♥ ❛❧t❡r♥❛t❡ ♠❡t❤♦❞ ❛♣♣❧✐❝❛❜❧❡ ✇❤❡♥ t❤❡ ❣r❛❞✐❡♥ts ❛r❡ ❦♥♦✇♥
✐s ✐♥tr♦❞✉❝❡❞ ❤❡r❡✳ ❯s✐♥❣ ❛ ❝❧❡✈❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥ts✱ ❛ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❝♦♠♠♦♥ t♦ ❛❧❧ ❝r✐t❡r✐❛
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■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ ♣r♦♣♦s❡❞ t♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧ ❜② ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s✱ ❡❛❝❤ ♦♥❡
❛❞❛♣t✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❊✈♦❧✉t✐♦♥ ❙tr❛t❡❣② ✭❊❙✮✳ ❙✉❝❤ ❛♣♣r♦❛❝❤❡s ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ❉❡❜ ❬✸❪✳
❯s✐♥❣ ❛ s✉✣❝✐❡♥t❧② ❞✐✈❡rs❡ ✐♥✐t✐❛❧ s❛♠♣❧❡✱ t❤❡s❡ ♠❡t❤♦❞s ♣r♦❞✉❝❡ ❛ ❞✐s❝r❡t❡ s❡t ♦❢ ✷ ❜② ✷ ♥♦♥✲❞♦♠✐♥❛t❡❞
♣♦✐♥ts✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ✈❡r② ❞❡♠❛♥❞✐♥❣ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✱ ❛s ❊❙ ❞♦ ✐♥ ❣❡♥❡r❛❧✳
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛r❡ ❛t r❡❛❝❤✱ ❛t t❤❡ ❝✉rr❡♥t
❞❡s✐❣♥ ♣♦✐♥t✱ ❢❛st❡r ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞✳ ■♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❣r❛❞✐❡♥ts ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱
❛ ❞✐r❡❝t✐♦♥ ❡①✐sts ❛❧♦♥❣ ✇❤✐❝❤ ❛❧❧ ❝r✐t❡r✐❛ ❞✐♠✐♥✐s❤✳ ❚❤❡ ▼●❉❆ r❡s✉❧ts ✐♥ ✉t✐❧✐③✐♥❣ t❤✐s ❞✐r❡❝t✐♦♥ ❛s s❡❛r❝❤
❞✐r❡❝t✐♦♥ ❛♥❞ ♦♣t✐♠✐③✐♥❣ t❤❡ st❡♣s✐③❡ ❛♣♣r♦♣r✐❛t❡❧②✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❝❧❛ss✐❝❛❧ st❡❡♣❡st✲❞❡s❝❡♥t ♠❡t❤♦❞ ✐s
❣❡♥❡r❛❧✐③❡❞ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❆♣♣❧②✐♥❣ ▼●❉❆ t❤✉s ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❤❛s❡ ♦❢ ❝♦♦♣❡r❛t✐✈❡
♦♣t✐♠✐③❛t✐♦♥✳
■♥ s❡❝t✐♦♥ ✷✱ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ❧❡❛❞✐♥❣ t♦ ▼●❉❆ ❛r❡ ❜r✐❡✢② r❡❝❛❧❧❡❞✳ ❆ ❝♦♠♣❧❡t❡ ♣r❡s❡♥t❛t✐♦♥ ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ ❬✷❪✳ ■♥ s❡❝t✐♦♥ ✸✱ r❡s✉❧ts ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ♦♥ ❛ ❝❧❛ss✐❝❛❧ t❡st ❝❛s❡ ❛r❡ ♣r❡s❡♥t❡❞
❛♥❞ ❝♦♠♠❡♥t❡❞✳
✷ ❚❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts
✷✳✶ ❈♦♦♣❡r❛t✐✈❡✲♦♣t✐♠✐③❛t✐♦♥ ♣❤❛s❡ ✿ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠
✭▼●❉❆✮
❍❡r❡✱ t♦ ❜❡ ❝♦♠♣❧❡t❡✱ ✇❡ r❡✈✐❡✇ ❜r✐❡✢② t❤❡ ♥♦t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷❪✳ ❚❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ✐s t❤❡ s✐♠✉❧✲
t❛♥❡♦✉s ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ n ✭n ∈ N✮ s♠♦♦t❤ ❝r✐t❡r✐❛ ✭♦r ❞✐s❝✐♣❧✐♥❡s✮ Ji(Y ) ✭Y ✿ ❞❡s✐❣♥ ✈❡❝t♦r✱ Y ∈ RN ✮✳
❙t❛rt✐♥❣ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥t t❤❛t ✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧✱ ❛ ❝♦♦♣❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣❤❛s❡ ✐s
❞❡✜♥❡❞ t❤❛t ✐s ❜❡♥❡✜❝✐❛❧ t♦ ❛❧❧ ❝r✐t❡r✐❛✳
✷✳✶✳✶ P❛r❡t♦ ❝♦♥❝❡♣ts
❋♦❧❧♦✇✐♥❣ ❬✷❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ P❛r❡t♦ st❛t✐♦♥❛r✐t② ✿ ❛ ❞❡s✐❣♥ ♣♦✐♥t Y 0 ✐s s❛✐❞ t♦ ❜❡ P❛r❡t♦
st❛t✐♦♥❛r② ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ s♠♦♦t❤ ❝r✐t❡r✐❛ Ji t❤❛t ✐s ❡q✉❛❧ t♦
✵ ❛t t❤✐s ♣♦✐♥t✳ ❚❤✉s ✿
❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❚❤❡ s♠♦♦t❤ ❝r✐t❡r✐❛ Ji(Y ) ✭1 ≤ n ≤ N✮ ❛r❡ s❛✐❞ t♦ ❜❡ P❛r❡t♦ st❛t✐♦♥❛r② ❛t t❤❡ ❞❡s✐❣♥
♣♦✐♥t Y 0 ✐❢✿
















■♥✈❡rs❡❧②✱ ✐❢ t❤❡ s♠♦♦t❤ ❝r✐t❡r✐❛ Ji(Y ) ✭1 ≤ i ≤ n✮ ❛r❡ ♥♦t P❛r❡t♦✲st❛t✐♦♥❛r② ❛t t❤❡ ❣✐✈❡♥ ❞❡s✐❣♥ ♣♦✐♥t
Y 0✱ ❛ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❝♦♠♠♦♥ t♦ ❛❧❧ ❝r✐t❡r✐❛ ❡①✐sts✳
✷✳✶✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠✐♥✐♠❛❧✲♥♦r♠ ❡❧❡♠❡♥t
❈♦♥s✐❞❡r ❛ ❢❛♠✐❧② ♦❢ ✈❡❝t♦rs✱ ❞❡♥♦t❡❞ (ui)i∈I , I ⊂ N✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❤♦❧❞s ✿
▲❡♠♠❛ ✷✳✶ ✭❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠✐♥✐♠❛❧✲♥♦r♠ ❡❧❡♠❡♥t✮✳ ❆ss✉♠❡ ✿
❼ {ui}✭1 ≤ i ≤ n✮ ❛ ❢❛♠✐❧② ♦❢ n ✈❡❝t♦rs ✐♥ RN ❀
❼ U ❜❡ t❤❡ s❡t ♦❢ str✐❝t ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡s❡ ✈❡❝t♦rs ✿
U =
{














❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✺
❚❤❡♥✱
∃!ω ∈ U , ∀ū ∈ U : (ū, ω) ≥ (ω, ω) = ‖ω‖2.
✭❚❤❡ ❡❧❡♠❡♥t ω ❡①✐sts s✐♥❝❡ U ✐s ❝❧♦s❡❞✱ ❛♥❞ ✐t ✐s ✉♥✐q✉❡ s✐♥❝❡ U ✐s ❝♦♥✈❡①❀ ❛s ❛ r❡s✉❧t✱ ∀ū ∈ U ✱ ❛♥❞
∀ǫ ∈ [0, 1]✱ ω + ǫ(u − ω) ∈ U ✱ ❛♥❞ ‖ω + ǫ(u − ω)‖ ≥ ‖ω‖✱ ❛♥❞ t❤✐s ②✐❡❧❞s t❤❡ ❝♦♥❝❧✉s✐♦♥ ❬✷❪✮✳
■♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❝r✐t❡r✐❛✱ t❤r❡❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ t✇♦ ❣r❛❞✐❡♥ts ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❛s ✐❧❧✉str❛t❡❞
❜❡❧♦✇✿
❋✐❣✉r❡ ✶✿ ❱❛r✐♦✉s ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ t✇♦ ❣r❛❞✐❡♥t✲✈❡❝t♦rs u ❛♥❞ v ❛♥❞ t❤❡ ♠✐♥✐♠❛❧✲♥♦r♠
❡❧❡♠❡♥t ω✳
❚❤✐s r❡s✉❧t ❛♣♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t♦ ui ❢♦r ❛❧❧ i✳ ❇✉t✱ (ui, ω) ✐s t❤❡ ❋r❡❝❤❡t✲❞❡r✐✈❛t✐✈❡ ♦❢ Ji ✐♥ t❤❡
❞✐r❡❝t✐♦♥ ω✳ ❍❡♥❝❡✱ ✐❢ ω 6= 0✱ t❤❡ ❋r❡❝❤❡t✲❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧ t❤❡ ❝r✐t❡r✐❛ ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② t❤❡
str✐❝t❧② ♣♦s✐t✐✈❡ ♥✉♠❜❡r ‖ω‖2✳ ❚❤❡ ❞✐r❡❝t✐♦♥ −ω ✐s t❤❡r❡❢♦r❡ ❛ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❝♦♠♠♦♥ t♦ ❛❧❧ ❝r✐t❡r✐❛✳
❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ②✐❡❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t Ji(Y ) ✭1 ≤ i ≤ n ≤ N ✱ N ∈ N✮ ❜❡ n s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✈❡❝t♦r Y ∈ RN ✳ ❆ss✉♠❡
Y 0 ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❞❡s✐❣♥✲♣♦✐♥t✳ ❲❡ ❞❡♥♦t❡ u0i = ∇Ji(Y 0) ❛♥❞ ✿
U =
{













▲❡t ω ❜❡ t❤❡ ♠✐♥✐♠❛❧✲♥♦r♠ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ U ✱ ❝❧♦s✉r❡ ♦❢ U ✳ ❚❤❡♥ ✿
✶✳ ❊✐t❤❡r ω = 0✱ ❛♥❞ t❤❡ ❝r✐t❡r✐❛ Ji(Y ) ✭1 ≤ i ≤ n✮ ❛r❡ P❛r❡t♦✲st❛t✐♦♥❛r② ❀
✷✳ ❖r ω 6= 0 ❛♥❞ −ω ✐s ❛ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ ❝r✐t❡r✐❛❀ ❛❞❞✐t✐♦♥❛❧❧②✱ ✐❢ ω ∈ U ✱ t❤❡
✐♥♥❡r ♣r♦❞✉❝t (ū, ω) ✐s ❡q✉❛❧ t♦ ‖ω‖2 ❢♦r ❛❧❧ ū ∈ U ✳
❇❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts✱ ✇❤❡♥ t❤❡ ❣r❛❞✐❡♥ts ♦❢ ❛❧❧ t❤❡ ❝r✐t❡r✐❛ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠
✭▼●❉❆✮ ♣r♦❝❡❡❞s ❜② s✉❝❝❡ss✐✈❡ st❡♣s t❤❛t ❛r❡ ❜❡♥❡✜❝✐❛❧ t♦ ❛❧❧ ❝r✐t❡r✐❛✳ ■♥ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱
♦♥❡ s♣❡❝✐✜❡s ❛ t♦❧❡r❛♥❝❡ ǫTOL ♦♥ ‖ω‖ ❜❡❧♦✇ ✇❤✐❝❤ t❤❡ ❧✐♥❡s❡❛r❝❤ ✐s ♥♦t ♣❡r❢♦r♠❡❞✳
❆❧❣♦r✐t❤♠ ✶ ▼●❉❆
■♥✐t✐❛❧✐s❛t✐♦♥✿ Y := Y 0
▲♦♦♣ ✭❲❍■▲❊ ‖ω‖ ≥ ε✮
❼ ❊✈❛❧✉❛t❡ Ji(Y )✱ ✭1 ≤ i ≤ n✮
❼ ❈♦♠♣✉t❡ ∇Ji(Y ) ✭1 ≤ i ≤ n✮ ❀
❼ ■❞❡♥t✐❢② ω✱ ❛s t❤❡ ♠✐♥✐♥❛❧✲♥♦r♠ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ {∇Ji(Y )} ✭1 ≤ i ≤ n✮
❼ ▲✐♥❡s❡❛r❝❤ ✿ ❞❡t❡r♠✐♥❡ ♦♣t✐♠❛❧ l ❀
❼ ❯♣❞❛t❡ ❞❡s✐❣♥ ✈❡❝t♦r Y := Y − lω✳
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✻
✷✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼●❉❆
Pr♦✈✐❞❡❞ t❤❛t t❤❡ ❝r✐t❡r✐❛ ❛r❡ ❢♦r♠✉❧❛t❡❞ t♦ ❜❡ s♠♦♦t❤✱ ♣♦s✐t✐✈❡ ❛♥❞ ✐♥✜♥✐t❡ ❛t ✐♥✜♥✐t②✱ t❤❡ s❡q✉❡♥❝❡ ♦❢
✐t❡r❛t❡s ♣r♦❞✉❝❡❞ ❜② t❤❡ ▼●❉❆ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❛❞♠✐t ❛ s✉❜s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ ❛ P❛r❡t♦✲♦♣t✐♠❛❧
♣♦✐♥t ❬✷❪✳ ❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s r❡♣♦rt ✐s t♦ ✐❧❧✉str❛t❡ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❜② ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
✉s✐♥❣ t❡st❝❛s❡s ♦❢ ✈❛r✐❛❜❧❡ ❝♦♠♣❧❡①✐t②✳
✷✳✸ Pr❛❝t✐❝❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ω
■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✭n > 2✮✱ ω ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② ♥✉♠❡r✐❝❛❧ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ t❤❛t
❡①♣r❡ss❡s ‖ω‖2 ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts {αi} ♦❢ t❤❡ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥✱ s✉❜❥❡❝t t♦ t❤❡ ✐♥❡q✉❛❧✐t②
❝♦♥str❛✐♥ts αi ≥ 0 ✭∀i✮✱ ❛♥❞ t❤❡ ❧✐♥❡❛r ❡q✉❛❧✐t② ❝♦♥str❛✐♥t
∑
i αi = 1✳ ▼❛♥② r♦✉t✐♥❡s ❛r❡ ❡✛❡❝t✐✈❡ t♦
♣❡r❢♦r♠ t❤✐s ♦♣t✐♠✐③❛t✐♦♥✱ ❢♦r ✐♥st❛♥❝❡ ❝❡rt❛✐♥ ❡✈♦❧✉t✐♦♥ str❛t❡❣✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❜❧❡♠ ♠❛② ❜❡❝♦♠❡
✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❢♦r ❧❛r❣❡ ❞✐♠❡♥s✐♦♥s✳
❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t✇♦ ♦❜❥❡❝t✐✈❡s✱ ω ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❡①♣❧✐❝✐t❧②✳ ❘❡❝❛❧❧ ❋✐❣✉r❡ ✶✱
❢♦r ✇❤✐❝❤ u = ∇J1 ❛♥❞ v = ∇J2✳ ■♥ t❤✐s ✜❣✉r❡✱ t❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦rs✱ ❡❧❡♠❡♥ts ♦❢ RN ❛r❡ r❡♣r❡s❡♥t❡❞
❛s ✈❡❝t♦rs ♦❢ R2 ✇✐t❤ s❛♠❡ ♦r✐❣✐♥ ❖✳ ❚❤✐s r❡s✉❧ts ✐♥ ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② s✐♥❝❡ ♦♥❧② t❤❡ ♥♦r♠s ♦❢ t❤❡
t✇♦ ✈❡❝t♦rs✱ ❛♥❞ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡♠ ❞♦ ♠❛tt❡r✳ ❊❧✐♠✐♥❛t✐♥❣ t❤❡ tr✐✈✐❛❧ ❝❛s❡ ✐♥ ✇❤✐❝❤ u = v ✭❢♦r
✇❤✐❝❤ ω = u = v✮✱ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ✐s t❤❡♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡❣♠❡♥t uv ❝♦♥♥❡❝t✐♥❣ t❤❡ ❡①tr❡♠✐t✐❡s ♦❢
t❤❡s❡ r❡♣r❡s❡♥t❛t✐✈❡ ✈❡❝t♦rs✳ ▲❡t ω⊥ ❜❡ t❤❡ ✈❡❝t♦r ✇❤♦s❡ ♦r✐❣✐♥ ✐s ❖✱ ❛♥❞ ❡①tr❡♠✐t② ✐s t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦❢ ❖ ♦♥t♦ t❤❡ ❧✐♥❡ t❤❛t s✉♣♣♦rts t❤❡ s❡❣♠❡♥t uv ✭❝♦♥✈❡①✲❤✉❧❧✮✳ ■❢ t❤❡ ✈❡❝t♦r ω⊥ ✐s ✐♥ t❤❡
❝♦♥✈❡① ❤✉❧❧✱ t❤❛t ✐s✱ ✐❢ ✐ts r❡♣r❡s❡♥t❛t✐✈❡ ♣♦✐♥ts ♦♥ t❤❡ s❡❣♠❡♥t uv✱ ✐t ✐s ω❀ ♦t❤❡r✇✐s❡✱ ω ✐s t❤❡ ✈❡❝t♦r ♦❢
s♠❛❧❧❡st ♥♦r♠ ❜❡t✇❡❡♥ u ❛♥❞ v✳ ❚❤✉s ❧❡t✿
ω = (1 − α)u + αv ✭✷✮
❛♥❞ ❝♦♠♣✉t❡ α⊥ ❢♦r ✇❤✐❝❤ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ✐s ♦rt❤♦❣♦♥❛❧ t♦ u − v✱ t❤❛t ✐s ✿
α⊥ =
(u, u − v)
(u − v, u − v)
■❢ α⊥ ∈ [0, 1]✱ α = α⊥❀ ♦t❤❡r✇✐s❡✱ α = 0 ♦r ✶✱ t❤❛t ✐s✱ ω = u ♦r v✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r α⊥ < 0 ♦r > 1✳
✷✳✹ ▲✐♥❡✲s❡❛r❝❤
❚❤✐s ♣❛rt ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ st❡♣ ❧❡♥❣t❤ ✭❧✐♥❡✲s❡❛r❝❤✮✳ ■♥ ♠✉❧t✐ ❝r✐t❡r✐♦♥ ♦t✐♠✐③❛t✐♦♥✱ ✐t
✐s ♥♦t ❡❛s② t♦ ❝♦♠♣✉t❡ ❛ st❡♣ ❣✐✈✐♥❣ s❛t✐s❢❛❝t✐♦♥ t♦ ❛❧❧ ❝r✐t❡r✐❛ ❛♥❞ ❛ s✐❣♥✐✜❝❛♥t ❡✈♦❧✉t✐♦♥✳ ❆♥ ❛❞❛♣t❛t✐✈❡
♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ ❛ s❛t✐s❢②✐♥❣ st❡♣ ❢♦r ❡❛❝❤ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♣r♦❜❧❡♠ ✇♦✉❧❞ ❜❡ ❝♦♥✈❡♥✐❡♥t✳
❆t t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥ ♣♦✐♥t✱ t❤❡ ❋r❡❝❤❡t✲❞❡r✐✈❛t✐✈❡s ♦❢ ❛❧❧ t❤❡ ❝r✐t❡r✐❛ ❛r❡ str✐❝t❧② ♥❡❣❛t✐✈❡ ✭❛♥❞ ❡q✉❛❧
✐❢ ω ∈ U✮✳ ❋♦r ❡❛❝❤ ❝r✐t❡r✐♦♥✱ ❛ s✉rr♦❣❛t❡ q✉❛❞r❛t✐❝ ♠♦❞❡❧ ✐s ❝♦♥str✉❝t❡❞ ❛❢t❡r ❝♦♠♣✉t✐♥❣ t❤r❡❡ ❢✉♥❝t✐♦♥
✈❛❧✉❡s✱ ❛♥❞ ❛ r❡❧❛t❡❞ ♦♣t✐♠✉♠ st❡♣s✐③❡ ρi ✐s ❝❛❧❝✉❧❛t❡❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ s✉rr♦❣❛t❡
♠♦❞❡❧✬s ♠✐♥✐♠✉♠ ✭s❡❡ ❋✐❣✉r❡ ✷✮✳




❚❤❛♥❦s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ω✱ ρi ≥ 0 ❛♥❞ ρ ≥ 0✳
✸ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥❞✉❝t ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ▼●❉❆ t♦ P❛r❡t♦
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✱ ❛♥❞ t♦ ❝♦♠♣❛r❡ t❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ P❆❊❙ ❬✹❪ ✐♥ t✇♦ ❛♥❛❧②t✐❝❛❧ t❡st❝❛s❡s ♦❢ t✇♦✲
♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝♦♥✈❡① ❛♥❞ ❛ ❝♦♥❝❛✈❡ P❛r❡t♦ ❢r♦♥ts✳
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✼
❋✐❣✉r❡ ✷✿ ❱❛r✐❛t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❡❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ st❡♣s✐③❡ ρ ✐♥ −ω ❞✐r❡❝t✐♦♥✳
✸✳✶ ❆♥❛❧②t✐❝❛❧ t❡st ❝❛s❡
■♥ t❤✐s t❡st❝❛s❡✱ t✇♦ ❢✉♥❝t✐♦♥s ❢r♦♠ R2 → R✱ ❞❡♥♦t❡❞ f(x, y) ❛♥❞ g(x, y)✱ ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② ✿
❼ f(x, y) = 4x2 + y2 + xy ❀
❼ g(x, y) = (x − 1)2 + 3(y − 1)2✳
❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s t❤❡ ♣❛tt❡r♥ ♦❢ t❤❡✐r ✐s♦✈❛❧✉❡ ❝♦♥t♦✉rs✳ ❊❛❝❤ ❢✉♥❝t✐♦♥ ❤❛s ❛ ✈✐s✐❜❧❡ ❞✐st✐♥❝t✐✈❡
♠✐♥✐♠✉♠✳ ❚❤❡ ❝✉r✈❡ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡s❡ ♠✐♥✐♠❛ ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦✲♦♣t✐♠❛❧
s♦❧✉t✐♦♥s ♦❢ t❤❡ t✇♦✲♦❜❥❡❝t✐✈❡ ✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ ❤❡r❡ ❡❛s✐❧② ❝❛❧❝✉✲
❧❛t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳
❋✐❣✉r❡ ✸✿ ■s♦❧✐♥❡s ♦❢ f ❛♥❞ g ✇✐t❤ P❛r❡t♦ s❡t ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✐♥ ❞❡s✐❣♥ s♣❛❝❡ ✭x, y✮✳
❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s t❤❡ st❡♣✲❜②✲st❡♣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼●❉❆ t♦ ❛ P❛r❡t♦✲♦♣t✐♠❛❧ ♣♦✐♥t✱ ✐♥ t❤r❡❡
❞✐✛❡r❡♥t ❝❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤r❡❡ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ♣♦✐♥ts✳ ❖♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ✜❣✉r❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♣❛t❤ ✐s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ R2 s❡❛r❝❤ s♣❛❝❡✱ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✐♥ t❤❡ R2 ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❊❛❝❤ s❡❣♠❡♥t ♦❢ t❤❡
❞❛s❤❡❞ ❥❛❣❣❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ ▼●❉❆ ✐t❡r❛t✐♦♥✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
❝❛♥ ❜❡ t♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢ f ✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ g✱ ♦r t♦ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣♦✐♥t ♦❢ t❤❡ P❛r❡t♦✲s❡t✳ ❊✈✐❞❡♥t❧②✱
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✽
t❤❡ P❛r❡t♦ s❡t ✭✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡✮ ✐s ❤❡r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♥✈❡①✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❛✈♦r❛❜❧❡
s✐t✉❛t✐♦♥✳
❋✐❣✉r❡ ✹✿ ❈♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ P❛r❡t♦ s❡t ❛♥❞ ❢r♦♥t✱ ✉s✐♥❣ ▼●❉❆ ❢♦r s❡✈❡r❛❧ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts✳ ■♥
❞❡s✐❣♥ s♣❛❝❡ ✭x, y✮ ♦♥ t❤❡ ❧❡❢t✱ ✐♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✭f, g✮ ♦♥ t❤❡ r✐❣❤t✳
❈♦♥✈❡r❣❡♥❝❡ ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ ❜② ❜r♦✇s✐♥❣ t❤❡ ❞❡s✐❣♥ s♣❛❝❡ t❤♦r♦✉❣❤❧② ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s❛♠♣❧❡ ♦❢
✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts ❧♦❝❛t❡❞ ♦♥ ❛ ❝✐r❝❧❡ ✇❤♦s❡ ✐♥t❡r✐♦r ✐♥❝❧✉❞❡s t❤❡ P❛r❡t♦ s❡t ✐♥ ❞❡s✐❣♥ s♣❛❝❡ ✭s❡❡ ❋✐❣✉r❡
✺✳
❆s ❛ r❡s✉❧t✱ t❤❡ ❛❝❤✐❡✈❡❞ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ s❡t ✐s ✈❡r② ❛❝❝✉r❛t❡✳ ■t ✐s ❝♦♠♣❛r❡❞ ♦♥
❋✐❣✉r❡ ✻ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s❡t✳
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✾
❋✐❣✉r❡ ✺✿ ❈♦♥✈❡r❣❡♥❣❡ t♦ t❤❡ P❛r❡t♦ s❡t ✉s✐♥❣ ▼●❉❆ ❢r♦♠ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❡s✐❣♥ s❛♠♣❧❡ ♣♦✐♥ts✳
❋✐❣✉r❡ ✻✿ P❛r❡t♦ s❡t ✐♥ ❞❡s✐❣♥ s♣❛❝❡ ✿ ❛♥❛❧②t✐❝❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ✭❧❡❢t✮✱ ❛♥❞ ❞✐s❝r❡t❡ r❡s✉❧ts ❜② ❝♦♥✈❡r❣❡♥❝❡
♦❢ ▼●❉❆ ✭r✐❣❤t✮
❆ s✐♠✐❧❛r ❡①♣❡r✐♠❡♥t ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ P❆❊❙ ❬✹❪ ✐♥st❡❛❞ ♦❢ ▼●❉❆✳ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t t❤❡
♣♦♣✉❧❛t✐♦♥ s✐③❡ ✐s ✶✵✵✱ ❛♥❞ ✶✵✵ ❣❡♥❡r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛♣♣r♦①✐♠❛t❡ ❞❡t❡r♠✐✲
♥❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ s❡t ✐s ✐♥❞✐❝❛t❡❞ ♦♥ ❋✐❣✉r❡ ✼✳ ❊✈✐❞❡♥t❧②✱ ✐♥ t❤✐s s✐♠♣❧❡ t❡st❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❛♥❞
❝♦♥✈❡① P❛r❡t♦ s❡t✱ ✐♥ ✇❤✐❝❤ t❤❡ ❣r❛❞✐❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛♥❞ s♠♦♦t❤✱ t❤❡ ❣r❛❞✐❡♥t✲❜❛s❡❞ ♠❡t❤♦❞ ✐s ❢❛r
s✉♣❡r✐♦r ✐♥ ❜♦t❤ ❝♦♠♣✉t✐♥❣ ❡✛♦rt✱ ❛♥❞ ❛❝❝✉r❛❝②✳
✸✳✷ ❋♦♥s❡❝❛ t❡st ❝❛s❡
❚❤✐s t❡st❝❛s❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✇♦✲♦❜❥❡❝t✐✈❡ ✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s
























♦❢ t❤❡ ❞❡s✐❣♥ ✈❛r✐❛❜❧❡ x = (x1, x2, x3) ∈ R3✳ ❚❤✐s t❡st❝❛s❡ ✐s ❦♥♦✇♥ t♦ ②✐❡❧❞ ❛ ❝♦♥❝❛✈❡ P❛r❡t♦ s❡t ✐♥
❢✉♥❝t✐♦♥ s♣❛❝❡✱ ❛ ✉s✉❛❧❧② ♠♦r❡ str❛✐♥✐♥❣ s✐t✉❛t✐♦♥ ❢♦r ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❡rs t❤❛♥ ♣r❡✈✐♦✉s❧②✳
❆s ❜❡❢♦r❡✱ ✇❡ ✜rst ✐❧❧✉str❛t❡ ❛ ❢❡✇ ✐t❡r❛t✐♦♥s ♦❢ ▼●❉❆ ✐♥ t✇♦ ❝❛s❡s ❞✐✛❡r✐♥❣ ❜② t❤❡ ✐♥t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥t✳
❚❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s ♥♦♥✲❞♦♠✐♥❛t❡❞ ❞❡s✐❣♥ ♣♦✐♥ts✳ ❖♥❧② ❛ ❢❡✇ ✐t❡r❛t✐♦♥s ❛r❡ s✉✣❝✐❡♥t ✭s❡❡ ❋✐❣✉r❡ ✽✮✳
❍❡r❡✱ t❤❡ P❛r❡t♦ s❡t ✐s ♥♦t ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧②✱ ❜✉t ❤❛s ❜❡❡♥ ✇❡❧❧ ✐❞❡♥t✐✜❡❞ ❜② ❉❡❜ ✉s✐♥❣ t❤❡ ✇❡❧❧✲
❦♥♦✇♥ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ◆❙●❆✲■■ ❬✸❪✳ ❚♦ ♦❜t❛✐♥ ❛♥ ❛❝❝✉r❛t❡ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ s❡t
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❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✶✵
❋✐❣✉r❡ ✼✿ P❛r❡t♦ s❡t ✐♥ ❞❡s✐❣♥ s♣❛❝❡ ✭❧❡❢t✮ ❛♥❞ ✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✭r✐❣❤t✮❀ t❤❡ s♦❧✐❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❛♥❛❧②t✐❝❛❧ ❞❡t❡r♠✐♥❛t✐♦♥✱ ❛♥❞ t❤❡ ❞✐s❝r❡t❡ ♣♦✐♥ts ❛r❡ ❣✐✈❡♥ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ P❆❊❙
❋✐❣✉r❡ ✽✿ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ▼●❉❆ t♦ t❤❡ P❛r❡t♦ ❢r♦♥t✱ ❢♦r s❡✈❡r❛❧ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts✳✱ ✐♥ ❞❡s✐❣♥ s♣❛❝❡
✭x, y, z✮ ✭❧❡❢t✮ ❛♥❞ ✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✭f1, f2✮ ✭r✐❣❤t✮
❜② ▼●❉❆✱ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ st❛rt✐♥❣ ❢r♦♠ ❛ ❧❛r❣❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts ❧♦❝❛t❡❞ ♦♥ ❛
s♣❤❡r❡ ✐♥ t❤❡ ❞❡s✐❣♥✲s♣❛❝❡ ✭❋✐❣✉r❡ ✾✮✳
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✶✶
❋✐❣✉r❡ ✾✿ ❈❛s❡ ♦❢ ❛ ♥♦♥❝♦♥✈❡① P❛r❡t♦ s❡t✿ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼●❉❆ ❢r♦♠ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts✿
✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝r✐t❡r✐❛ ✭❧❡❢t✮✱ ❛♥❞ ✐♥ t❤❡ ❞❡s✐❣♥ s♣❛❝❡ ✭r✐❣❤t✮✳
■♥ t❤❡ ♥❡①t ❡①♣❡r✐♠❡♥t✱ ✇❡ ❤❛✈❡ ✜rst ❛♣♣❧✐❡❞ P❆❊❙ t✇✐❝❡✱ ❡❛❝❤ t✐♠❡ st❛rt✐♥❣ ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❞❡s✐❣♥
♣♦✐♥t ❛♥❞ ❣❡♥❡r❛t✐♥❣ ✺✵ ♦t❤❡rs✳ ❚❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ❞♦♠✐♥❛t❡❞ ❞❡s✐❣♥ ♣♦✐♥ts ❤❛✈❡ ❜❡❡♥ ❞✐s❝❛r❞❡❞✳ ❚❤✉s
❧❡ss t❤❛♥ ♦♥❡ ❤✉♥❞r❡❞ ❞❡s✐❣♥ ♣♦✐♥ts ❤❛✈❡ ❜❡❡♥ ❛r❝❤✐✈❡❞✳ ❚❤✐s s❡t ✐s ❝♦♠♣❛r❡❞ ♦♥ ❋✐❣✉r❡ ✶✵ ✇✐t❤ t❤❡
r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣ ▼●❉❆ st❛rt✐♥❣ ❢r♦♠ ✶✷ ✇❡❧❧✲❞✐str✐❜✉t❡❞ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♣♦✐♥ts✱ s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢
❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ t✇♦ ❝❛s❡s✳ ▼●❉❆ ❛❣❛✐♥ ♣r♦❞✉❝❡s ❞❡s✐❣♥ ♣♦✐♥ts ❝❧♦s❡r t♦ t❤❡
P❛r❡t♦ s❡t ✭✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝②✮✱ ❜✉t ✐♥ ❢❡✇❡r ♥✉♠❜❡r✳
❋✐❣✉r❡ ✶✵✿ P❛r❡t♦ s❡t ❛♣♣r♦①✐♠❛t❡❞ ❞✐s❝r❡t❡❧② ❜② P❆❊❙ ❛♥❞ ▼●❉❆
❆s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡ ✶✵✱ ✇❤❡♥ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ♣♦✐♥ts ✐s ❝❤♦s❡♥ ❛❞❡q✉❛t❡❧②✱ ▼●❉❆ ❣✐✈❡s ❛
❜❡tt❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ ❢r♦♥t t❤❛♥ P❆❊❙✳ ❍♦✇❡✈❡r✱ ❛t ✐❞❡♥t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ❣❡♥❡r❛❧❧②✱
P❆❊❙ ✐♥tr♦❞✉❝❡ ♠♦r❡ ✈❛r✐❡t② ✐♥ t❤❡ ✜♥❛❧ r❡s✉❧t✳ ❚❤✉s ✐t ❛♣♣❡❛rs ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠❜✐♥❡ t❤❡ ❛❝❝✉r❛❝② ♦❢
▼●❉❆ ✇✐t❤ t❤❡ r♦❜✉st♥❡ss ♦❢ P❆❊❙ ✐♥ ❛ ❤②❜r✐❞ ♠❡t❤♦❞✳ ❚♦ ❝❤❡❝❦ t❤✐s✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ t✇♦ ♠❡t❤♦❞s
s❡q✉❡♥t✐❛❧❧②✿ P❆❊❙ ✜rst t♦ ❣❡♥❡r❛t❡ ✶✺ ❞❡s✐❣♥ ♣♦✐♥ts✱ r❡t❛✐♥✐♥❣ ✽ ♥♦♥❞♦♠✐♥❛t❡❞ ❞❡s✐❣♥ ♣♦✐♥ts t❤❡♥ ✉s❡❞
❛s ✐♥t✐❛❧ ♣♦✐♥ts ❢♦r ▼●❉❆✳ ■♥ ❡❛❝❤ ❝❛s❡ ❛❜♦✉t ✸ t♦ ✹ ✐t❡r❛t✐♦♥s ❛r❡ s✉✣❝✐❡♥t t♦ ❝♦♥✈❡r❣❡ ❛♥❞ ♣r♦❞✉❝❡
t❤❡ ❛❝❝✉r❛t❡ r❡s✉❧t ✐♥❞✐❝❛t❡❞ ♦♥ ❋✐❣✉r❡ ✶✶✳
❘❘ ♥➦ ✼✻✻✼
❚❡st✐♥❣ ▼✉❧t✐♣❧❡✲●r❛❞✐❡♥t ❉❡s❝❡♥t ❆❧❣♦r✐t❤♠ ✭▼●❉❆✮ ✶✷
❋✐❣✉r❡ ✶✶✿ ❋✐rst st❡♣ ✇✐t❤ ❛ ❧❛r❣❡ P❆❊❙ ❢♦❧❧♦✇❡❞ ❜② ▼●❉❆ ✐t❡r❛t❡s ♦♥ ❡❛❝❤ ♥♦♥ ❞♦♠✐♥❛t❡❞ ♣♦✐♥t ❢♦✉♥❞✳
❉❡s✐❣♥ s♣❛❝❡ ♦♥ t❤❡ ❧❡❢t✱ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ♦♥ t❤❡ r✐❣❤t✳
✹ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s r❡♣♦rt✱ ✇❡ ❤❛✈❡ t❡st❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t ❛ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❣r❛❞✐❡♥t✲❜❛s❡❞ ❛❧❣♦r✐t❤♠✱
▼●❉❆ ❬✷❪✱ ❢♦r ♠✉t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ P❛r❡t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❤❛s ❜❡❡♥ ❞❡♠♦♥✲
str❛t❡❞ ✐♥ t✇♦ ❛♥❛❧②t✐❝❛❧ t❡st❝❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝♦♥✈❡① ❛♥❞ ❛ ❝♦♥❝❛✈❡ P❛r❡t♦ ❢r♦♥ts✳ ▼●❉❆ ❤❛s
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